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(Received 10 April 1987; in revised form 2 March 1988) 

Al~traet--Co-current air-water flow from a reservoir into and along a short horizontal pipe is studied 
at flowrates such as to give stratified flow and to observe the transition to spray and slug flow. Particularly 
noteworthy is that a square-cut entry as opposed to a bell-mouth entry increased the intensity of spray 
and suppressed the formation of large waves. 

The hydraulic engineer's theory for the discharge rate of water alone as a function of water level in 
the reservoir can only be extended in agreement with experiment for small air flowrates. Such a theory 
asserts that the flow in the pipe is critical in the sense that a small disturbance is stationary. In practice, 
at higher air flowrates the flow becomes supercritical and the critical conditic, n occurs upstream of the 
entry at a control point. Examination of the control point in a slowly converging flow suggests the 
relationship 

h I = 0.862 (F~i 4 -- F°L 4) 

between the level in the reservoir and the flowrates of the two phases. Surprisingly, no modification to 
this relationship is found to be necessary with respect to the present data for an 84 mm bore pipe and 
previous data for a 20 mm bore pipe. 

For a 6 mm bore pipe the difference between previous experimental results and theory is equivalent to 
a constant level difference of 2.5 mm. 
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1. I N T R O D U C T I O N  

The mechan i sm of  water  flow f rom a reservoir  over  a b road-c res t ed  weir or  into a shor t  hor izon ta l  
p ipe  or  culvert ,  which does  no t  run  full, has been k n o w n  for m a n y  years.  Chow (1981) gives a 
summary .  The  present  inves t iga t ion  concerns  add ing  a co-cur ren t  flow o f  air  for  the case o f  a pipe.  
W i t h o u t  air  flow the theory  assumes no energy losses and maximizes  the volumetr ic  f lowrate  for  
a given level in the reservoir .  The result  is tha t  the d o w n s t r e a m  flow is cri t ical  in the sense tha t  
a small  surface d i s tu rbance  is s ta t ionary .  I t  will be shown tha t  the theory  is readi ly  ex tended  to 
include the influence o f  air  flow, which also suffers no losses, by maximiz ing  the wate r  f lowrate  
for  a given air  f lowrate  and  level in the reservoir .  Again ,  the result  is tha t  dow ns t r e a m flow is cri t ical  
bu t  it is also found  that ,  if  a wate r  f lowrate  is set and  the reservoir  level is a l lowed to vary,  increase 
o f  the air  f lowrate  causes the downs t r eam water  level in the p ipe  to increase. This  is a t  var iance  
with exper imenta l  obse rva t ion  and,  indeed,  the dow ns t r e a m flow becomes  supercr i t ical  when a 

cer ta in  air  f lowrate  is exceeded.  
A new theore t ica l  a p p r o a c h  is needed and  this is ob ta ined  by cons ider ing  two-phase  strat if ied 

flow a long  a hor i zon ta l  slowly converg ing  channel  or  tube to a sink. F a r  ups t r eam velocit ies will 
be vanishingly  small  and  the interface will be hor izonta l .  Proceeding  towards  the sink, the flow will 
a t  first be subcr i t ical  but  mus t  become supercr i t ical  before  the sink is a t ta ined .  I t  will be shown 
by an examina t ion  o f  the interface level gradient ,  tha t  the g rad ien t  can only be finite and  con t inuous  
when the flow passes th rough  the cri t ical  s tate if  a cer ta in  cond i t ion  is met  and  this will de te rmine  
the interface levels t h r o u g h o u t  the system. The  pos i t ion  where cri t ical  flow ob ta ins  is cal led the 

con t ro l  point .  
One can now cons ider  a case where  the converging  channel  or  tube  is t e rmina ted  by  a hor izon ta l  

channel  or  tube o f  cons t an t  cross-sect ion,  which is cal led the offtake.  I f  the off take d imens ions  are  
such that  the flow there would  be subcri t ical ,  the con t ro l  po in t  does  not  exist and  a re turn  mus t  
be m a d e  to the or iginal  k ind  o f  theory  descr ibed in the first pa r a g ra ph ,  which will set the flow to 
be cri t ical  in the offtake.  I f  the off take d imens ions  are  smal ler  and  such tha t  the flow there would  
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be supercritical, the control point will determine interface levels throughout the system and the 
expected supercritical flow will occur on the offtake, as long as the flow remains stratified. However, 
the theory only requires the flow to be stratified up to the control point and this allows it to be 
tested against data, for which stratified flow breaks down before the offtake is attained. 

The problem is to change considerations from the slowly converging channel or tube to a system 
in which there is an interface in a large reservoir and the two phases are discharged through an 
offtake in a vertical wall. It may be noted that the theory for the slowly converging system does 
not explicitly consider the rate of  convergence and, in this sense, the change offers no difficulty. 
However, the theory assumes that the velocity of  either phase is horizontal and uniform over a 
vertical plane and, for this reason, it is to be expected that the analytical results obtained from 
the slowly converging system will require some adjustment for application to the system with an 
offtake in a vertical wall. In the event and rather surprisingly, it will be seen that experimental data 
indicate that no modification is needed. 

At this point it should be noted that the concept of a control point is not new. Dressier (1949) 
used the properties of the control point to describe the shape of  a roll-wave in open channel flow. 
Bryant & Wood (1976) considered the control point in slowly converging flow and Gardner (1980) 
used it with respect to the flow of  stably stratified fluids which were being added along the length 
of  a horizontal channel. Otherwise, theory on the discharge of fluids from a reservoir through an 
offtake in a vertical wall has only be concerned with the critical flowrate of  one phase which will 
start to entrain the other. Craya's (1949) theory was confirmed experimentally by Gariel (1949) 
and much later by Smoglie & Reimann (1986). 

The experimental work to be reported concerns discharge of  air and water from a reservoir 
through a short horizontal pipe of  84 mm bore and with various forms of  entry to the pipe. 
Flowrates were such that the flow in the pipe was stratified, though transition to spray and large 
wave or slug flow were observed. The conditions for these transitions will be described first and 
then the correlation between the level in the reservoir and the flowrates will be presented. Smoglie 
& Reimann (1986) also measured the level in the reservoir with respect to the flowrates but they 
used much higher flowrates, such that the flow in the offtake would not have been stratified. Their 
data will be found to be in substantial agreement with the theory. Smoglie & Reimann (1986) used 
offtakes with a bore from 6 to 20 mm and used air and water at pressures up to 5 b. The present 
work was carried out at atmospheric pressure. 

2. THE RIG AND M E A S U R E M E N T S  

The rig is illustrated in figure 1. The reservoir was a cylindrical Perspex vessel of  430 mm dia 
and 1200 mm height. Air and water entered the top and bottom respectively through 50 mm dia 
pipes and 150 mm dia baffles were placed 75 mm in front of each entry. The baffles contained 
7 mm dia holes to give 14% open area and the whole arrangement prevented any appreciable 
disturbance of  an air-water interface about halfway up the reservoir. 

The discharge pipe was a 84 mm dia x 590 mm long Perspex tube set in the reservoir wall halfway 
up the height. One type of entry is shown in figure 1. It is called the PWR entry because it models 
the entry from the upper plenum of a PWR reactor to the so-called hot leg. It is noted that it is 
flush with the reservoir wall, following its curvature, and has a champfer. 

Two other types of  entry are shown in figure 2. They are the square-cut, which projected into 
the reservoir and which extended the pipe by 50 mm, and the bell-mouth, which extended the pipe 
a further 35 mm when it was attached to the square-cut entry. 

The air discharged to atmosphere from the discharge pipe and the water fell freely into a water 
tank for recirculation. There were two measuring stations along the discharge pipe, as shown in 
figure 1. At each there was a pressure tap at the top and bottom of the tube which were connected 
to measure the water level with respect to the bottom of the discharge pipe. The top tapping was 
also connected to a water manometer to measure pressure. 

Pressure taps near the bottom and top of  the reservoir were connected to measure the water level 
in the reservoir relative to the bottom of the discharge tube. The top tapping was connected to 
a water manometer to measure the air pressure. Air and water flowrates to the reservoir were 
metered by orifice plates. 
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3. VISUAL OBSERVATIONS AND FLOW REG IMES  

With no air flowrate, the water fell from its level in the reservoir into the discharge tube in the 
expected fashion and a vena contracta was evident. An undular hydraulic jump formed, indicating 
that the entrances were not ideal. Application of only a small air flowrate removed the waves of 
the hydraulic jump, while the interface remained essentially smooth. 

Further description will be given with reference to the flow regime maps of  figures 3-5 for the 
three different entries. They are plotted in the coordinates of 

r .  = t u.s,  FL = t t,l 

where subscripts ,  and L refer to the heavy or water phase and the light or air phase; p is the density, 
Ap is the density difference between the phases, g is the acceleration due to gravity, D '  is the tube 
diameter and Us is the superficial velocity, which is the flowrate divided by the cross-sectional area 
of the tube. 

The flow regime boundaries were determined by setting a water flowrate and then increasing the 
air flowrate in small steps. The system was observed by looking through the Perspex reservoir into 
and along the discharge tube when the occurrence of the boundaries could be determined 
accurately. The first boundary that could be defined for the bell-mouth and PWR entries but not 
for the square-cut entry was the occasional and erratic production of  waves with a height of  up 
to about 10 mm, which travelled down the discharge tube from near the entrance. It occurred at 
values of F ,  from 0.28 to 0.45 and usually on a base of  a smooth interface. Exceptions are the 
two data points at values of FH near 0.3 in the case of  the PWR entry. Here the waves appeared 
on a base of  a pebbled interface, which may have obscured their formation at lower values of F L 
than shown in figure 4. 

Quite generally, for values of  Fn < 0.45, raising the air flowrate to a value, which could not be 
defined precisely, caused the interface to take on a pebbled appearance, which became more violent 
as the air flowrate was further increased. Where small occasional waves on a smooth interface 
occurred, these may have been a precursor of this pebbling. The pebbling may have occurred earlier 
with the square-cut entry and, certainly, it was more vigorous. 

An air flowrate was reached at which water drops, through few in number, could be seen 
continuously in the air flow. This is recorded as a flow regime boundary. 

The small occasional waves, for  the values of  FH at which they occurred and only for the 
bell-mouth and PWR entries, persisted throughout all of  this, even when spray formed and became 
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Figure 5. Square-cut entry flow regime boundaries. See figure 3 for symbols. 

more intense with increased air flowrate. It did appear that, for some intermediate air flowrates, 
the waves became weaker but, finally, they grew until the occasional wave hit the top of  the tube 
and obscured the rim at its end. This is recorded as a flow regime boundary and only occurred 
over the range of parameters indicated in figures 3-5. These waves occurred erratically but 
sometimes came in sets of  two or three. 

It is noted from figure 5 that waves hitting the top of the tube occurred at substantially higher 
water flowrates in the case of the square-cut entry compared to the other two. It was also observed 
that these waves tended to disappear at higher air flowrates than shown by the boundary, though 
with the bell-mouth and PWR entries they tended to increase in number and vigour at all air 
flowrates up to the maximum attainable at F L --- 0.5. The marked difference between the flow regime 
map for the square-cut entry in figure 5 and for the other two entries in figures 3 and 4 seemed 
to arise from the greater disturbance created by the square-cut entry. This led to pebbling of the 
interface at lower air flowrates and more intense spray production. The impression was gained that 
the greater amount  of  spray robbed the system of its ability to produce waves. 

A further observation was that, for any entry and, at least when pebbling had set in, the flowrate 
seemed to settle down very rapidly in the discharge tube, though there was a measurable reduction 
in the water level from the first to the second measuring station. Also, the water level fell with 
increased air flowrate. Since the flowrate was near critical without air flow, as exhibited by the 
undular hydraulic jump, it must have become supercritical with an air flowrate imposed. 
Calculations showed this to be true but it was shown more dramatically by using a block of wood 
held to partially dam the end of  the discharge tube. With zero or a small air flowrate a wave was 
sent back the discharge tube but, otherwise, there was no influence on the upstream water depths. 
The water simply hit the block and spilt over it, together with the air. 

4. C O R R E L A T I O N  OF FLOW R E G I M E  BO U N D A RIES  

4.1. Onset of spray formation 
It is common to use a Kutateladze number, defined by 

! 
K u =  p2LU------Z--L [2] 

(Apga )¼' 

to define the onset of  spray formation; UL is the air velocity, which is calculated from a knowledge 
of  the air flowrate and the water depth and a is the surface tension. The data points in figure 3 
for the bell-mouth give Ku = 2.53 with a maximum error of  3%; the data points for the PWR entry 
give Ku = 2.51, with a maximum error of 6%; and the data points for the square-cut entry give 
Ku = 2.15, with a maximum error of 12%. The water level at the first measuring station was used 
to calculate UL but use of  the level at the second station only reduced the average value of Ku by 

7% for all entries. 
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Figure 6. Wave flow regime boundaries: (a) occasional small waves; (b) large waves to hit top of tube. 
O,  Bell-mouth entry; O,  PWR entry; L, Lin & Hanratty (1986) experiment; G, Gardner (1979) theory; 

W, Wallis & Dobson (1973) theory; T, Taitel & Dukler (1976) theory. 

4.2. Wave flow regime boundaries 

Theories concerned with the production of waves, other than capillary waves, in two-phase 
stratified flow usually relate FL to the voidage or the water depth divided by the tube diameter, 
h*. The theoretical or semi-theoretical predictions of Wallis & Dobson (1973), Taitel & Dukler 
(1976) and Gardner (1979) for the onset of slugging or intermittent flow are given in the coordinates 
OfFL vs h* in figure 6(a, b). Lin & Hanratty (1986) have also given a theory, which is in substantial 
agreement with their experimental results, but the curve through their results is given in figure 
6(a, b). 

Figure 6(a) gives the present experimental results for the onset of occasional small waves. The 
two data points for the PWR entry for h* between 0.45 and 0.5 are suspect for the reason given 
in the last section that they occurred on the base of a pebbled interface, which may have obscured 
the formation of the waves at smaller values OfFL. Otherwise, the data fall a little below the theories 
of Wallis & Dobson (1973) and Gardner (1979) and well above the data of Lin & Hanratty (1986) 
but follow their trend. 

Figure 6(b) gives the experimental results for large waves hitting the top of the tube. It is noticed 
that results for the bell-mouth and PWR entries agree with each other, though comparison of 
figures 3 and 4 shows this agreement was not obvious when the flow regime boundary was plotted 
in terms of FL VS FH. The data lie above all the theoretical curves for h* < 0.55. The reason may 
simply be that the theories predict the onset of large waves which do not necessarily hit the top 
of the tube but waves of smaller amplitude will be needed for this purpose when h* is large. 

A further point is that Taitel & Dukler (1976) assumed for the purpose of constructing a flow 
regime map that large waves would not be produced for h* < 0.5. Figure 6(b) shows that they are 
produced for values of h* as small as 0.4. 

5. THEORY OF FLOW INTO AN OFFTAKE 

5.1. Extension of  hydraulic engineers' theory 

Figure 7 illustrates the system. Interface levels h' are measured upwards from the centreline of 
the offtake: p is pressure at the interface, u is velocity and D~ is the characteristic dimension of 
the offtake, which is the diameter in the case of a pipe; subscripts 1 and 2 denote conditions in 
the reservoir and in the offtake and subscripts H and L denote heavy and light phases. Conservation 
of energy for both phases with zero velocities in the reservoir gives 

pHU22 
- - ~  + P2 + pHgh~ = p, + pHgh; [3] 
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and 

pL U~2 
2 F P2 + pLgh ~ = Pl + pLgh ~ [4] 

where p is the density. Superficial velocities, denoted by subscripts, are given by 

U.s2 = A2um,  ULS: = (1 - A2)UL2 [5] 

where A2 is the fractional area occupied by the heavy phase in the offtake. 
Pressures are eliminated between [3] and [4] and substitutions for the velocities are made from 

[5] t o  achieve 

rh  
A~ (1 -- A2) 2 - 2(h, - h2) [6] 

where 

and 

F~  - pau2s2 F~. = pLU2Ls2 
ApgD'2' ApgD---~2 ' [7] 

h" 
h = - -  [8] 

O~ 

Ap = (PH--PL). 

Following hydraulic engineering concepts, not only is h~ set constant but FL is also kept constant. 
Then h2 is varied to maximize FH. The result is 

F~ El  dh2 
A~ + (1 - A 2 )  ---------~ - dA2 [9] 

For the case of a pipe with a circular cross-section, [9] becomes 

F~ F~_ n [10] 
A +(I -A2) - 4W2 

where 
/ 

w2. [11] IV2= ~ ,  
D2 

w~ is the width of the interface. Equation [10] is recognized as the condition for a small disturbance 
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to be stationary (Gardner 1977) and, therefore, the flow is critical in the offtake. Equation [lo] 
defines h2 for given values of FH and FL and then h, can be found from [6]. 

If one increases FL from zero while keeping F,., constant, [lo] shows that h2 will increase 
monotonically. Experiment showed this not to be true in general. 

5.2. Theory with a control point 

This subsection will develop the theory for a two-dimensional system of a converging channel 
of depth H’ leading to an offtake of depth Hi. This will allow clarity of presentation and the theory 
for a tube is given in the appendix. 

The horizontal direction is x and the differential energy equations are written as 

PHdUi dh’ dp -~ 2 dx +pHt?&+~=" 

and 

The volumetric flux Q is constant for each phase, so that 

,,=u,(~+h’). Q,=u,(;-W). 

[121 

v31 

[I41 

The pressure gradient is eliminated between [12] and [ 131, and [14] is used to eliminate velocities. 
Manipulation of the result gives 

where FH, FL and h are given by [7] and [8] with the characteristic dimension changed to H; and 

H=;, X=$. 
2 2 

It is noted that the superficial velocity in the offtake is given by Q/H;. 
The contents of the square brackets on the 1.h.s. of [15] set equal to zero is the critical flow 

condition and, therefore, if that condition is obtained and the interface gradient is to be finite and 
continuous, the contents of the square brackets on the r.h.s. of [15] must simultaneously equal zero. 
Denote the control point by subscript c. Then 

Cl71 

and 

From [17] and [18], 

and 

Also, for a control point to exist, 

H, = 2”3(F33 + F’,/‘) 

h, = 2-2’3(F$3 _ FF3). 

H, > 1. 

[‘91 

PO1 

Pll 
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Now the energy equations [3] and [4] remain valid if written between a station far upstream, 
where velocities are vanishingly small and h = h,, and the control point. Following the same 
procedure as used to obtain [6] but noting that u,H, = us2, it is found that 

~~h~)‘-(~~h~)‘-,hl-hc). 
FH and FL can be eliminated from [22] by using [17] and [18] to find that 

PI 

h, = ;h,; ~231 

which is precisely the result obtained by Craya (1949) for the incipient induction of one phase by 
the other when discharging from a reservoir through an offtake in a vertical wall. 

One can also use [ 191 and [20] to eliminate H, and h, from [22] to find that 

h, = $ (Fz3 - Ft]"). ~241 

This is the required relationship between the level far upstream and the flowrates. Note that the 
level hi is independent of the offtake size Hi, as is expected. 

It is of interest to examine [24] for the case when one phase is just inducing flow of the other 
phase. Then 

= 0.945. ~51 

Craya (1949), theoretically, and Gariel (1949), experimentally, found that the coefficient on the 
right of [25] was 0.759 for the case of discharge from a reservoir through an offtake in a vertical 
wall. Equation [25] overpredicts hi by about 25% when applied to the system studied by Craya. 

Equivalent results for the axisymmetric system, derived in the appendix, are: 

h, = ;h, WI 
D, = 1 .32(Pfi84 + P<84)“2.’ v71 

which is accurate to + 0.5%; and 

h, = 0.862(Pi4 - Pi4) P81 
which is accurate to _+ 5%. 

When entrainment of one phase by the other is incipient, the accurate result of the theory is 

h, = 0.825 p4 ~291 

which reduces to 

Aa c-1 o.2 h; 
P iF = o.908. 

The value of hi predicted by [30] is 32% higher than found theoretically by Craya (1949) and 
experimentally by Gariel (1949) and Smoglie & Reimann (1986) for the incipient entrainment of 
water in a reservoir by air discharging through an offtake in a vertical wall. It is 21% higher than 
that found experimentally by Smoglie & Reimann for the incipient entrainment of air by water. 

6. EXPERIMENTAL RESULTS 

6.1. Zero air Jlowrate 

The basic hydraulic engineers theory was tested by operating the rig with water flow only and 
using the square-cut and bell-mouth entries. To obtain agreement between the theory and 
experiment FH had to be multiplied by a coefficient of discharge which was 0.80 for the square-cut 
entry and 0.88 for the bell-mouth. These are reasonable values (Chow 1981). 
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6.2. With air flowrate 

Experiments were carried out with square-cut and bell-mouth entries. The values of  hi calculated 
from [28] for calculated values of Dc > 1 are plotted against experimental values in figures 8 and 
9. The agreement between theory and experiment is remarkably good and no adjustment of  the 
theory is necessary. It is noted that FH was set at values of  approx. 0.1, 0.2, 0.4 and the maximum 
attainable value of about 0.65. The air flowrate was varied to give values of F L from 0 up to the 
maximum attainable value of about 0.5. 

Data for which the calculated values of D c < 1 are not plotted in figures 8 and 9. However, h~ 
was then calculated from the extension of  the hydraulic engineers theory and, for zero air flowrate, 
exhibited the error corresponding to the coefficient of discharges given in the last subsection. As 
the air flowrate increased and Dc ~ 1 the agreement between experiment and theory improved. 

Smoglie & Reimann's (1986) data were taken from Smoglie's (1984) thesis. Only the data for 
offtakes of  6 and 20 mm dia are plotted in figure 10 as calculated vs experimental values of h,. Data 
for a 12 mm offtake are not shown to avoid confusion but, if plotted, they would lie between the 
data for the other two offtakes in figure 10. 

The agreement between theory and experiment for the 20 mm offtake is as good as for the 84 mm 
pipe shown in figures 8 and 9. The data for the 6 mm tube lie an almost uniform distance from 
the 45 ° correlating line through the origin. If  the observed discrepancy is real it must be due to 
some special property of one of  the phases, which does not occur in the theory. Otherwise one 
would expect a divergence of  data to one side of the correlating line on one side of the origin to 
be mirrored by an equal divergence on the other side of  the line on the other side of the origin. 
The property would have to occur in some dimensionless group involving the offtake diameter and 
this view is reinforced by noting that the calculated range of  D~ for the data in figures 8 and 9 was 
1-1.49, for the 20 mm offtake it was 1.34-3.76 and for the 6 mm offtake it was 4.22 5.79. The ranges 
of the 20 and 6 mm tube almost overlap and it is improbable that D~ could be used as a correlating 
parameter to bring all the data in figure 10 together. 

Another explanation for the difference between experiment and theory, which is suggested by 
the almost constant offset of  the data points for the 6 mm offtake from the 45 ° correlation line, 
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Figure 9. Comparison between experimental and calculated reservoir levels--84 mm bore tube with 
bell-mouth entry. Fa-values: O,  0.091; I-I, 0.193; x ,  0.396; A,  0.647. 
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Figure 10. Comparison between experimental and calculated reservoir levels--data of Smoglie (1984). 
Offtake diameter~ O, 6 mm; @, 20 ram. 
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is that there was a constant bias in the measurement of water level. The reservoir was a 206 mm 
horizontal tube and the level was measured by a scale set outside the tube. It was reported by 
Smoglie (1984) that the measurement error was _ 1 mm with a smooth interface and + 5 mm with 
a wavy interface. The average difference between the experimental results and theory was a Ah of 
0.450, 0.181 and 0.077 for the 6, 12 and 20 mm offtakes, respectively. These values are equivalent 
to biased level measurements of 2.7, 2.2 and 1.5 mm, respectively. 
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A P P E N D I X  

Theory for an Axisymmetric System with a Control Point 

The circular cross-section of the converging axisymmetric system with its axis horizontal is shown 
in figure A. 1. The whole cross-sectionzd area in A ', the cross-sectional area occupied by the heavy 
phase is Ah, the diameter is D '  and the height of the interface above the axis is h'. The angle 0 
is also defined in figure A.I. 

The differential energy [12] and [13] still apply but the constant volumetric fluxes are 

QH=u~A~, Qc=UL(A'--A'N). [A.I] 

The pressure gradient is eliminated between [12] and [13], and [A.I] are used to eliminate 
velocities. Manipulating the result gives 

F~ dA ~ F2L (dA'H dA "~ dh 
A'AaD 4 dX A'(I -~--4)3D4\dX ~--~-) + ~--~ = 0 [A.2] 
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Figure A.l. Cross-section of the converging tube. 
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where 

Now, 

and 

Therefore, 

Also, 

' D'  A AH D =  X =  x 
= • '  

O r2 

A h -- T (0 - sin 0 cos  0 )  

h' cos 0 

D'  2 

dAh 2A ~ dD'  ,2 D . 2^d0  
- + - ~ -  sm V~--~. 

dX D'  dX 

.o_ 
dX sin0 ' d X  Dz  d X }  

and 

dA' riD' dD'  

dX 2 dX 

Making substitutions into [A.2], 

4s in0  A 3 ( 1 - a ? J d - X =  L A~ sin0 
F~ F=(l-A)+_hlld,~ 

,] (1--~4) 3 L 5sVn~ OJJ dX" 
It follows that the two equations for the control point are 

~D~ F~ F___~ _ 0 
4sin0¢ A 3 ( 1 - A¢ )  3 

From [A.10] and [A.11], 

and 

OcF~ (n - O¢)F~ 

A 3 (1 - A ¢ )  3 " 

F 2 (~ - O,)D~ 

[A.3] 

[A.4] 

[A.5] 

[A.6] 

[A.71 

[A.8] 

[A.9] 

[A.10] 

[A.1 l] 

A ~ 4 sin 0c [A. 12] 
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and 
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F~ OcD~ 
(1 - Ac) 3 = 4 sin 0~" [A.13] 

Next consider energy equations [3] and [4], which remain valid but draw them up for a station 
far upstream and the control point. Eliminate pressures between the equations, use [A.1] to 
eliminate velocities and then manipulate the result to obtain 

F~ F[  
2 4 (1 Ac)2D~ =2(h'-hc)" [A.14] 

AcDc 

Using [A.12] and [A.13] to eliminate F H and/rE in [A.14] and then manipulating the result gives 

hi 5 = ~ h ¢ ,  [ A . 1 5 ]  

which is identical with Craya's (1949) theoretical result for the incipient entrainment of  one phase 
by the other in discharging from a reservoir through an offtake in a vertical wall. 

Now 

Dc =--7=D~ 2h~ = 8 h~ [A.16] 
D2 D~ cos 0~ 5 cos Oc 

so that [A.12] and [A. 13] become 

and 

F2_~_H= 1(8_'] 5 (rr-O¢)A~ [A.17] 
h~ 4 \ 5 ]  sin 0c cos5 0c 

F[  1 ( 8 y  0~(1-  A~) 3 
h-~ = 4 \ 5 J  si-n 0¢ co-~ 0c [A.18I 

and the problem is to eliminate the parameter 0¢ between the last two equations. Using the 
experience of  the two-dimensional theory and noting that h't should not depend upon D6, we could 
seek a series solution for hi composed of  terms ~-nt~" _ --L~" J~°4/", where n is varied. In the event it is 
found that 

h, = 0.862 (F~' - F°L 4) [A.211 

is accurate to + 5%. 
It is also found by trial and error from [A.12] and [A.13] that 

Oc = 1.32 [,F(H 84 "Jr- F~84] t/2"l [A.22] 

is accurate to ___0.5%. 


